This paper is devoted to the relationship between locally Lipschitz continuous viscosity solutions and solutions in the sense of Clarke of the Hamilton-Jacobi equation arising in optimal control. 7'
this advantage. On the other hand, generalized solutions in the sense of [24] are not unique and it is not clear how they can be numerically computed. Apparently the comparison between the two types of solutions has not been carried out. The main aim of this paper is to provide such a comparison. We restrict ourselves to locally Lipschitz solutions because "generalized" solutions are delined for functions of such a class. We prove that a locally Lipschitz function V is a viscosity solution of (1) if and only if V is a generalized solution (in the sense of [24] ) and for every (p, q) E 8 ~ V(t, x) (subdifferential of V at (I, x)) one has p + H(t, x, q) = 0.
(3)
This result allows one to apply the verification technique to viscosity solutions as well.
GENERALIZED GRADIENTS AND SUPER/&JBDIFFERENTIALS
Consider an open set D G R" and a function 4: D H R. The subdifferential of 4 at x0 is the set
The super-and subdifferentials are closed, possibly empty sets. It follows immediately that
The above notions were used in [6] . They are not new and already existed in the literature under different names.
Recall that the contingent epiderivative of 4 at x0 in the direction u is defined by D+&x,)u= lim inf 4(x0 + Au') -&x0) h-O+,u'+u h .
See for instance [ 11. The following result was proved in [IS]: LEMMA 1.2. For all x0 E Q DEFINITION 1.3 [3] . Let x0 E Q and 4 be locally Lipschitz at x0. The generalized derivative $"(x,,): R" -+ R is defined by: for all u E R"
The generalized gradient a&x,) of 4 at x0 is given by
We always have
(see [3] ). Observe that d"(xo) 3 D, #(x0) and therefore a-&x0) c &#J(x,). Moreover, by (6) 
Hence we obtain THEOREM 1.4. If I$ is locally Lipschitz at x0 E Q then J + Qbo) " J 4x0) c J&o).
We also need an alternative definition of the generalized gradient: PROPOSITION 1.5 [3] . Let x06 R and I$ he locally Lipschitz at x0. Then
where the limit is taken over all sequences {x,};~, converging to x0, such that the gradient V#(xi) does exist and {VC$(X~)}~, , is a converging sequence.
VISCOSITY SOLUTIONS AND GENERALIZED SOLUTIONS OF THE HAMILTON-JACOBI EQUATION
Consider the following Hamilton-Jacobi equation arising in optimal control: 2 V(r,x)+H t,.,,; V(t,x) ( > =o, (viscosity supersolution). DEFINITION (15) 
(Generalized Solution) [3]. A locally Lipschitz function V: Q H R is called a generalized solution of
Remark. We observe that in the great majority of cases arising in optimal control H(t, x, .) is convex.
Proof: We already observed that every generalized solution is a viscosity subsolution. Moreover every function V satisfying (20) is a viscosity supersolution. Hence every generalized solution satisfying (20) is also a viscosity solution. Conversely let I' be a locally Lipschitz viscosity solution of (15). By the Rademacher theorem V is differentiable almost everywhere in Q. Fix (t, x) E .Q and let { (t,, xi)}, a, be a sequence converg-ing to (t, X) such that V is differentiable at (t;, xi) and the gradients VV(t,, xi) converge to some (p, q). Since V is a viscosity solution, we have i '('i, xt) + H ( Ii, x,, i qti, x,) = 0. >
From continuity of H and (21) we deduce that p + H( t, x, q) = 0. 
and from the definition of a viscosity solution that
Hence (20) follows from (25) and (26).
Remark. The above theorem implies that the results of [2-41 on the Hamilton-Jacobi verification technique apply also to locally Lipschitz viscosity solutions. 
In particular if Q is convex and V: D I-+ R is a continuous, convex viscosity solution of (15) then (27) holds true for all (t, x) E 52 and hence V is a generalized solution.
Remark. We observe that the notion of regularity used in Corollary 3.4 is different from that introduced in [3, p. 391.
Proof
The first claim follows immediately from Theorem 2.3. If V is convex and continuous then it is also locally Lipschitz. By [3] , V'(t, x) = D, V(t, x) on Sz. This and (20) end the proof.
